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Abstract. Let G be a finite group and A a finite dimensional G-graded alge- 
bra over a field of characteristic zero. When A is simple as a G-graded algebra, 
by mean of Regev central polynomials we construct multialternating graded 
polynomials of arbitrarily large degree non vanishing on A. As a consequence 
we compute the exponential rate of growth of the sequence of graded codi- 
mensions of an arbitrary G-graded algebra satisfying an ordinary polynomial 
identity. If c^(A), n = 1,2,..., is the sequence of graded codimensions of A, 
we prove that exp G (A) = lirrin—joo y/d£(A), the G-exponcnt of A, exists and 
is an integer. This result was proved in [T] and [9], in case G is abclian. 



Introduction 

Let F be a field of characteristic zero and A an F-algebra graded by a finite 
group G. We shall assume throughout that A is a Pi-algebra, i.e., it satisfies an 
ordinary polynomial identity. The graded polynomial identities satisfied by A and 
their growth have been extensively studied in the last years in an effort to develop 
a general theory that generalizes the theory of ordinary polynomial identities. 

For instance in analogy with a basic result in Kemer's theory (see |15j). it was 
recently proved in [2] (and independently in [20] for G abelian) that if A is a finitely 
generated algebra, then A satisfies the same graded identities as a finite dimensional 
graded algebra. As a consequence one can reduce the study of an arbitrary G-graded 
Pi-algebra to that of the Grassmann envelope of a finite dimensional Z2 x G-graded 
algebra. 

Also, in analogy with the results in [IT] and [12] concerning the existence of the 
exponent of a Pi-algebra, in |Tj and [9] it was shown that when G is an abelian 
group exp G (A), the graded exponent of A, exists and is an integer. 

Here we focus on the growth of the graded codimensions of A. Recall that if P G 
is the space of multilinear graded polynomials of degree n and ld G (A) is the ideal 
of graded identities of A, then c G (A), the nth G-codimension of A, measures the 
dimension of P G mod. ld G (A). 

It was known that the sequence c„(A), n = 1,2,..., is exponentially bounded 
([10]). but only recently its exponential rate of growth was captured in case G is 
an abelian group. In fact in [Tj for finitely generated algebras and in [9] in general, 
it was shown that if A is any G-graded Pi-algebra and G is a finite abelian group, 
then exp G (A) = lim^oo \/ c G (A) exists and is an integer called the G-exponent of 
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A. Moreover the G-exponent can be explicitly computed and equals the dimension 
of a suitable finite dimensional semisimple graded algebra related to A. 

In this note we shall extend the above result by proving that the G-exponent 
exists and is an integer in case of arbitrary (non necessarily abelian) groups G. We 
notice that the proof given in [9] works also when G is a non abelian group modulo 
two basic ingredients that we manage to prove here. The first result says that 
the multiplicities in the nth graded cocharacter of A are polynomially bounded, 
the second is of independent interest and consists on the construction of suitable 
multialternating graded polynomials non vanishing in a finite dimensional G-graded 
algebra which is simple as a graded algebra. 

Throughout the paper F will be a field of characteristic zero and A an associa- 
tive -F-algebra satisfying a non-trivial polynomial identity. We assume that A is 
graded by a finite group G = {g% — 1,<72, • • • ,9s} and we let A = (B ge cA g be its 
decomposition into a sum of homogeneous components. 



1. Multialternating polynomials on G-simple algebras 
We start by introducing some standard notation. 

We let F(X, G) be the free associative G-graded algebra of countable rank over 
F. The set X decomposes as X = \J s i=1 X gi , where the sets X gi = {xi. gi ,X2, gi , ■ ■ ■} 
are disjoint, and the elements of X gi have homogeneous degree gi. The algebra 
F(X,G) is endowed with a natural G-grading F(X,G) = (B g £GJ~ g , where T g is 
the subspace spanned by the monomials Xi t . gji ■■■Xi t . gjt of homogeneous degree 
9 .'/.. •••//,- • 

Recall that a graded polynomial / G F{X, G) is a graded (polynomial) identity 
of A if / vanishes under all graded substitutions Xi i9 — a g £ A g . Let also Id ( A) — 
{/ G F(X, G) | / = on A} be the ideal of graded identities of A. 

We say that an algebra A is G-graded simple if A is a G-graded algebra which 
is simple as a graded algebra. 

Let A be a finite dimensional G-graded simple algebra over an algebraically 
closed field of characteristic zero. The purpose of this section it to produce non 
identity G-graded polynomials with arbitrary many alternating sets of variables 
which correspond to the homogeneous components of A and with a bounded number 
of extra variables. 

A key ingredient in the construction of these polynomials is a presentation of 
any G-graded simple algebra as a tensor product of two types of G-graded simple 
algebras, namely a twisted group algebra (with fine grading) and a matrix algebra 
with an elementary grading. Here is the precise statement. It is due to Bahturin, 
Sehgal and Zaicev. 

Theorem 1.1. [4] Let A be a finite dimensional G-graded simple algebra. Then 
there exists a subgroup H ofG, a 2-cocycle a : HxH — > F* where the action of H on 
F is trivial, an integer r and an r-tuple (g±, g2, ■ ■ ■ , g r ) G G r such that A is G-graded 
isomorphic to A ~ F a H ® M r (F) where K g = spanp^h® s-i.j \ g = ffi" 1 ' 1 ^}- Here 
7Th G F a H is a representative of h G H and ejj G M r (F) is the {i,j) elementary 
matrix. 

In particular the idempotents 1 ® e^j as well as the identity element of A are 
homogeneous of degree e G G. 
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Let ti, . . . , t s > be integers and, for i = 1, . . . s, define 

•V;; = {.'•!.,, , • • • , 4, (>fl4 } c X Si , 1 < j < u, 

ti distinct sets consisting of m, > variables each of homogeneous degree gi. Let 
also Y C (J* =1 X gi be another set of homogeneous variables disjoint from the pre- 
vious sets. 

Also, let / = f(X^ ,. .., X*J , . . . , Xg s ,. .., X* 3 a , Y) G F(X, G) be a multilinear 
graded polynomial in the variables from the sets X g . and Y, 1 < i < s and 1 < j < 
U. 

This section is devoted to the proof of the following 

Theorem 1.2. Let F be an algebraically closed field of characteristic zero and A 
a finite dimensional G-graded simple algebra over F. For any t > 1, there exist 
integers 

2t < h,...,t s < 2t\G\ 

and a G-graded polynomial 

f t (x£ u -' te) ;Y) = MX^ , . . . , Xl\ , X^ 2 , . . . , Xll, . . . , X^, . . . , X^l; Y) 
such that 

(1) / t (l"p 1, '"' f *'';y) is not an identity of A; in particular it has an evaluation 
in A of the form 1 ® Cij . 

(2) the cardinality ofY depends on the order of G and the dimension of A and 
not on the parameter t. In particular, the cardinality of Y is bounded. 

(3) For every j and g € G, \X° g \ — dim^4 g . 

(4) ft{XQ 1 '"'' ts ^; Y) is alternating on each one of the sets X° g . 

In view of the theorem above we claim that it is sufficient to construct G-graded 
polynomials, which are non identities of A, and correspond to the cyclic subgroups 
of G. 

In order to make the statement precise, let g be any element of G and let S = (g) 
be the subgroup it generates. We denote by d the order of S. 

Proposition 1.3. It is sufficient to construct, for any integer t > 1, a G-graded 
polynomial (non identity of A) 

ft, g {Xs;Y s ) = ft. g (Xl, . . . ,X^,Xg, . . . ^Xg*, . . . ,Xg d -!, . . . , Y"s) 

where 

(1) \Ys \<r — l (r is the cardinality of the tuple which provides the elementary 
grading on A). 

(2) for every i = 1, . . .,2t, and every < j < d — 1, we have that \X*A = 
dim A g j . 

(3) ft, g (Xs;Ys) is alternating on the set X l gj for every i = 1, . . . , 2t, and every 
o'<j<d-l. 

(4) ft, g (Xs;Ys) admits a non-zero G-graded evaluation on A of the form n g i ® 
ei, r - 

Remark 1.4. Clearly, by adding an extra variable if necessary, we may assume 
that the value of the polynomial above is 1 <g> e\ t \. 
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Proof. Indeed, having constructed the polynomials ft. g — ft,g(Xs;Ys) above, the 
required polynomials are given by 

\Y)= Y[f t , g (X s ;Y s ), 

□ 

Consider the subalgebra As = QflgAgi C A. By [T7| Theorem 1.6] (see also 
[TBI Theorem 18.13]), it is semisimple and so it decomposes into the direct sum of 
S'-graded simple algebras 

A s SBj ® B 2 ® ■■■(£> Bi. 

It follows from Bahturin, Sehgal and Zaicev' result that for every i = 1, . . . , I, there 
exists a subgroup C, < S and a p^-tuple (uvi, . . . , Wi tP( ) of elements in S (which 
determines the elementary grading on M Pi {F)) such that 

B t = FC, ® M J)j (F) 

as 5-graded algebras. 

Notice that since C % is cyclic, H 2 (d,F*) = 0, 1 < t < I. 

The structure of As is given here up to an ^-graded isomorphism. But we need 
more. In fact, in order to "bridge" the S'-simple components Bi by elements of A, 
we need to realize the algebra As as a subalgebra of A in terms of its presentation 
(i.e. with the terminology of Theorem II. lj) . Here is the precise statement. 

First we make a definition: for a homogeneous subspace D of A we define 
weight(D) = {g. t G G | D n A 9z ^ 0}. 

Proposition 1.5. VPit/i the above notation: 

(1) For every i = 1, I, B % = FC 4 ® M Pi (F) where C t = H g n n S*. 

(2) In terms of the presentation of A, after a possible permutation of the r- 
tuple (gi,'" ,g r ) {the tuple which provides the elementary grading in the 
presentation of A), we have 

Bi = span{n h (g> e u> „ G A s \ pi + pi H V Pi-i + 1 < u, v < pi + p 2 H hp,:}. 

In particular pi + p2 + ■ • ■ + Pi = T. 

(3) For every i = 1, Z, 

= © • • • © B l!Ci 

(direct sum of vector spaces that we shall call "pages") where 

(a) B i<k = span{7rft u „ ® e u , v e A s \ pi + P2 + ■ ■ ■ + Pi-i + I < u,v < 
Pi + P2 + ■ ■ ■ + Pi} (for any pair (u, v) as above we choose a suitable 
h = h u , v G H). 

(b) Any homogeneous component of Bi is "concentrated" in a unique page. 
More precisely, weight(Bi^) n weight(Bij) — 0, if k ^ I. 

Before proving the proposition let us show how to construct the polynomial 
ft, 9 (X s ;Ys). 

For each "page" B^f. we construct a Regev polynomial f£ p2 (see [5]), with 2pf 
variables whose homogeneous degrees are as the homogeneous degrees of Bi : k and 
let 



ft(X, 

where | F \=^ geG Y s . 
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Now, the evaluation of f^ p2 on a basis of B^k gives an element of the form 
TTb k <8> Ipixpi where iTb k is a trivial unit of FCi. This is a slight abuse of notation 
since in fact the identity matrix l Pi x. Pi is located in the block diagonal between 
rows pi + p 2 H h Pi-i + 1 and pi + p 2 H h ^. 

Remark 1.6. This is the place where we use the fact that Cj is a cyclic group. 
Indeed, the evaluation of a Regev polynomial on the space B it k has the same effect 
as the evaluation on pi x p t matrix algebra where all monomials are multiplied by 
the same trivial unit which is obtained as the product of commuting trivial units 
ofFC,. 

From the construction of fi we see that it has an evaluation of the form ir b ' (g) 
lpixpi where ir b > is a trivial unit of FCi. Note that since the homogeneous degrees 
of the spaces B iyk are disjoint for different fc, the polynomial /; is alternating (in 
particular) on sets of g^-variables, any g v 6 5, of cardinality which is equal to the 
dimension of the (/"-homogeneous subspace of Bi. 

In order to get arbitrary many alternating sets we let /* be the product of t- 
copies (with disjoint sets of variables) of fi. Clearly, the evaluation of /* on a basis 
of Bi gives an clement of the form -n ai ® \ Vi y, Vi where n ai is a trivial unit in FCi. 

Thus we have constructed a polynomial /* for any £?j. We can now "bridge" 
these polynomials and get a polynomial 

</>S = Zo/lZl/l ' - fl x l+l- 

We observe that with suitable evaluations on the x's the polynomial cf)s has an 
evaluation which is equal to 1 <S> e\,i- But we are not done yet. We still need to 
alternate variables with the same homogeneous degrees in the different polynomials 
/* in a suitable way. More precisely, for every s = 1, . . . , t, we alternate all variables 
with the same homogeneous degrees which appear in the polynomials ff , /| , . . . , ff ■ 
Clearly, because of the bridging variables Xj, the resulting polynomial f ty g(Xs; Y$) 
admits the value 1 <g> e\ t i and has the required form. 

Let us prove now the proposition above. To set up the notation again we recall 
that A has a presentation given by F a H ® M r {F) and the elementary grading is 
given by the r-th tuple (31,32, • • • ,g r )- We let S be the cyclic group generated by 
g G G and we denote by d its order. Let us introduce an equivalence relation on 
the index set {1, . . . , r} by setting i ~ j if and only if g~ 1 Hgj n S ^ 0. It is easy 
to see that this is indeed an equivalence relation and we let 

fii, . . . , fli 

be the equivalence classes. We may clearly assume (after reordering the tuple 
(31, 32, ■■■,g r )) that equivalent indices are adjacent to each other. In other words 
we have integers pi,. . .,pi such that 

fii = {l,...,pi},f2 2 = {pi + +P2}, 

. . • , fij = {pi H \-pi-i + 1, ■ • • ,Pi H hp; = r}. 

We shall replace (as we may) elements from the r-tuple which represent the same 
right ii-coset by the same representative. 
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Consider indices i,j £ Qk- We know (by the definition of the equivalence rela- 
tion) that there exists an h £ H such that g~ l hgj £ S. We claim that the number 
of elements h £ H with that property depends on the index fc but not on i and j. 
In other words wc claim the following. 

Lemma 1.7. For every i, j, e \g~ 1 Hgj n S\ — \g^Hgk H S\ . Furthermore, 
the sets g^ 1 Hgj f] S are g^Hgk R S-cosets in S. 

Proof. Take z £ g~ 1 Hgj R S. For different elements q £ g~ 1 Hgk R S, we obtain 
different elements zq £ g~ l Hgk flS and hence \g~ 1 Hgk (lS\ > \gJ 1 Hgk nS\, On 
the other hand, taking inverses we see that \g~ 1 Hgk R S\ = \g^Hgj R S\. Being 
i, j and kg arbitrary the first part of the lemma follows. For the second part, note 
that g~ 1 Hg i n S and g^Hgk n S are subgroups of the cyclic group S. By the first 
part of the proof, they have the same order and hence they coincide. Following the 
first part of the proof we see that g~ 1 Hgj n S is a (right, and hence 2-sided (by 
commutativity)) g~ 1 Hgi n iS-coset and the lemma is proved. 

□ 

Now, observe that for i = 1, . . . , I, the algebra 

Ui = span{7r,i ® e UtV £ A s \ u, v £ f^} 

is a direct summand of ^5 and so, the proof of the proposition will be completed 
if we show that Ui, i — is S'-simplc. To see this we exhibit an explicit 

presentation of Ui as a ^-simple algebra. 

Fix 1 < k < I and fc £ flk- Let Wi- n(k l) £ S be a g^ 1 Hg/ Co H S'-coset rep- 
resentative of Hgi n S, where pi + ■• ■ + Pk-i + 1 < i < Pi + • • • + Pk> an d 
n (k-i) = Pi + ' ' ' + Pfc-i- Then the map 

determines an isomorphism of the ^-graded algebra ?7fe with F(g^ Hgk fl S) ® 
Mp fc (i 71 ). In the latter, the elementary grading is given by the pfe-tuple (wi, . . . , w Pk ). 
Details are omitted. Finally we note that Proposition II .51 (b) follows from Lemma 
11.71 (by ordering the coset's elements) and the proof of Propositior il.5l is completed. 

Remark 1.8. Note that since the group g^Hgk f~l S is cyclic, its cohomology 
vanishes and hence we may use group elements rather then representatives. 

2. Graded exponent 

Throughout F will be an algebraically closed field of characteristic zero and A 
a G-graded Pi-algebra over F with G = {gi = 1, 32, • ■ • , g s } a finite group. 

In this section wc shall prove that the G-exponent of A exists and is an integer. 
This result was proved in case G is an abelian group in pQ for finitely generated 
algebras and in [5] in general. Here we shall follow closely that approach. 

We start by recalling the general setting. The ideal of G-graded polynomial 
identities of A is denoted Id G (^4). For every n > 1, 

P,f = span F {x CT(1) ^ v(i) •••af < 7(n) 1 fl 4<7(n) I & £ S n , g n , . . . , g ln £ G} 
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is the space of multilinear G-graded polynomials in the homogeneous variables 
x\ t9ii , . . . , x n ,g in , 9ij £ G. We construct the quotient space 

pG 

pG( A\ _ n 

n[ ' P® n Id G (A) 

and the non-negative integer 

c G {A) =dim F pC(A), n>l, 

is the nth G-gradcd codimension of A. Our aim is to prove that exp G (A) = 
linin-j.oo \J c G (A) exists and is an integer. Moreover we shall relate such an in- 
teger to the dimension of a finite dimensional semisimple algebra related to A. 
For every n > 1, write n = ri\ + • • • + n s a sum of non- negative integers and let 
C pG be the space of multilinear graded polynomials in which the first 
n\ variables have homogeneous degree gi, the next ri2 variables have homogeneous 
degree (72 and so on. Then P G is the direct sum of subspaces isomorphic to P ni ,...,n s , 
for every choice of the integers n%, . . . , n s . Moreover such decomposition is inherited 
by P ni ,....n s H Id (A) and we define 

p (as _ Pi u ...,n E 

" A } ~ P nu ..., na nld G (AY 

If we let 

c ni ,...,nA A ) = dimP nii ... in3 (A) 
then, by checking dimensions we have 

(1) c-(A)= £ ( ni ^^ n y^(A), 

nH hn s =n v L ' ' s/ 

Til 

where | I = — ; denotes the multinomial coefficient. In order to 



n\,...,n s j ni\---n s \ 
compute an upper and a lower bound for c„ (A), it is enough to do so for c ni! ... )7l8 (A) 
and then apply (P). 

The space P ni ,...,n B (A) is naturally endowed with a structure of S ni x • • • x Sn„- 
module in the following way. The group S ni x • • • x S ns acts on the left on P ni ,...,n s 
by permuting the variables of the same homogeneous degree; hence S ni permutes 
the variables of homogeneous degree <?i, S, l2 those of homogeneous degree g2, etc.. 
Since ld G (A) is invariant under this action, P ni ,...,n 3 (A) inherits a structure of 
5 ril x • • • x S na -module and W6 denote by X.m,...,n s 

(A) its character. 

If A is a partition of n, we write Ahn. It is well-known that there is a one-to- 
one correspondence between partitions of n and irreducible S^-characters. Hence if 
A h n, we denote by \\ the corresponding irreducible S'n-character. Now, if A(l) h 
rix, • ■ • , A(s) h n s , are partitions, then we write (A) = (A(l), . . . , A(s)) h {n\, . . . , n s ) 
and we say that (A) is a multipartition of n — ri\ + • • • + n s . 

Since char F — 0, by complete reducibility Xni,...,n,{A) can be written as a sum 
of irreducible characters and let 

( 2 ) Xn u ...,nA A ) = ^2 m WXX(l) ® •••®XA( S ), 

(A) 1-71 

where (A) = (A(l), . . . , A(s)) h (rii, . . . , n s ) is a multipartition of ri = m + • • • + n s 
and m {X ) > is the multiplicity of Xa(i) ® • • • ® Xa( s ) in 
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Our first objective is to prove that the multiplicities in ([2]) are polynomially 
bounded. 

Let E = (ei,e2,... | e^- = — e^ej) be the infinite dimensional Grassmann al- 
gebra over F and let E = Eq © E\ be its standard Z2-grading. Now, if B = 
®(g,i)£Gxz 2 ^{g,i) is a G x Z2-graded algebra, then B has an induced Z2-grading, 
B = Bo © Bi, where B = © 9e G-B( ffi0 ) and B\ = © 9e ci3( gjl ), and an induced G- 
grading B = (B g eGB g where, for all g G G, B g = -B( g ,o)©-B( ff ,i)- Then one defines the 
Grassmann envelope of B as E(B) = (B a ®E Q ) © (B± ® £1 ) . Clearly -E(-B) has a G- 
grading given by -E(-B) = © seG -E(-B) g , where £7(B) S = (B (S)0 )®^o)®(S( s ,i)(g)^i). 

As in the ordinary case, the Grassmann envelope is an important object. In fact 
by a result of Aljadeff and Belov ([2]), any variety of G-graded Pi-algebras can be 
generated by the Grassmann envelope of a suitable finite dimensional G x Z2-graded 
algebra. 

Let V = var (A) denote the variety of G-graded algebras generated by A and 
define V* = {B = G x Z 2 -graded algebra such that E(B) G V}. Then V* is a 
variety (see [TH Theorem 3.7.5]). 

Now, according to [9l Corollary 1], there exist integers k > I > such that in 
© A(l), . . . , A(s) G i?(fc, 0, where H(k, I) = {A h n \ X k+1 < 1} is the infinite k x I 
hook. 

Let i be the relatively free G x Z2-graded algebra of V* on the (k + l)s graded 
generators 

(3) U (9«,0)> W (9«,l)> 1 - i - s ' 1 - ■? - fc ' 1 - p - 1 

Then V = var G (^(i)) (sec for instance [H Theorem 4.8.2]). 

Since L is a finitely generated G x Z 2 -graded Pi-algebra, by [5J Theorem 1.1] 
there exists a finite dimensional G x Z2-graded algebra W such that var GxZ2 (i) = 
var Gxz 2 (VF). Moreover L is a homomorphic image of a relatively free graded algebra 
T of such variety on ks even generators and Is odd generators. 

The algebra T can be constructed by "generic" elements as follows: fix a basis 
{ai . . . , a rn } of 14 7 of homogeneous elements. Let $\ 1 < i < m, 1 < t < (k + l)s 
be commutative variables and define Q^, , = X) a *j ® £i ; — * — ^' wnere the 
sum runs over all such that a,, is of homogeneous degree (gj, 0). Similarly define 

£( g , i) = X) a «j ® £i J s 1 — r — ^ where the are of homogeneous degree (<?j, 1). 
Then T is generated by the "generic" elements 

(4) 1 < * < M < * < M < r < Z. 

Denote by L n the subspace of L spanned by all products w± ■ ■ ■ Wi, 1 < i < n, 
where w±, . . . , io, run over the generators given in ([3]). Define T„ accordingly on 
the relatively free generators given in (j4]). Since L is a homomorphic image of T, 
dim i„ < dim T n and we compute an upper bound of this last dimension. 

Notice that every monomial of degree at most n in the generic elements in (j4|) , 
belongs to W ® F[^] n , where F[Q* ] n is the subspace of polynomials of degree at 
most n in the commutative variables , 1 < i < m, 1 < t < (k + l)s. 

Since dimF[£ 4 (t) ]„ = < ( n + (k + Z)s) (fc+ ' )sm , we get that 

(5) dimL„ < dimT„ < m(n + (k + Z) s )( fc+ ^ sm < Cn\ 
for some constants G, t. 
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We are now ready to prove the following. 
Lemma 2.1. There exist constants C,t such that for alln > 1, W(a) < Cw in (0). 

Proof. Suppose that there exists n and (A) h n such that rni\\ > Cn l > dimL ra , 
where C and t are defined in ([5]). Hence there exist Ti(A) = r irreducible S ni x 
• ■ • x S ns -modules Mi, . . . , M r G P rai ,...,n 8 with character Xa(i) <8> • • • ® XA(s) an d 
(Mi © • ■ • © M r ) n Id G (V) = 0. Now, as in [9i Lemma 4], we may take Mj = 
F(S ni x ■•• x S Us )hi where, by eventually adding some empty sets of variables, 
we may assume that each hi is a polynomial in the homogeneous sets of variables 
. . . , Y-j g , Z*j t , . . . , Z? s , i < j < k,l < p < I, and is symmetric in each and 
alternating in each Z*j t . Since (Mi © • • ■ © M r ) n Id G (V) = 0, for every choice of 
ai, . . . , a r 6 F not all zero, we have that h = J2i=i a i^i & Id (V). 

Let ~ be the map defined in [SJ Section 5] . Then, if we regard the variables of 
each set Yj as even variables and those of Z? as odd variables, we can construct 

9t Qt ' 

the polynomials hi, 1 <i < r. Then hi is symmetric on each Y 3 and on each Z? t . 

For every i and j, let Y 3 . = {y 3 lg . , . . . , y 3 m . g . } and Z 3 m = {zf g ., . . . , z 3 r \ gt ). 
Define S to be the relatively free G-graded algebra of the variety V on the graded 
generators 

y J p,9i> E q,9i> 1 - i - s > 1 -P - - 1 - n ' 3 = 1> 2 >---- 

Then the algebra Q = (S © Eq) © (S © Ei) has a natural G x Z2-grading and we 
can take its Grassmann envelope 

E(Q) = {S®E ® E ) ®(S®E 1 ®E 1 )CS® (E © E © E 1 © Si). 

Since Eq® E ® Ex® E\ is commutative, £7(Q) and S satisfy the same G-graded 
identities. Hence E(Q) G V and, so, Q G V*. 

Now in each polynomial hi, 1 < i < r, we identify the variables in each set 
1^. and in each set Z 3 . and we let h° be the corresponding polynomial. Since 
deg hi = n, under the evaluation 

<p(Xl) = ui giiQ) , <p(Z* t ) = v p {m l) , 1 < i < s, 1 < j < k, 1 < p < I, 

we have that <p{h°) G L n , for all 1 < i < r. 

Since by hypothesis r > dimL„, there exist scalars ct\, . . . ,a r not all zero, such 
that (pQ2i =1 ctih°) = in L. Recalling that L is a relatively free algebra of V*, we 
obtain that h° = £[ =1 <*A? € Id GxZ2 (V*). Now, Q G V* and, so, h° G Id GxZ2 (Q). 

If we consider the evaluation in Q = (S © E ) ffi (S © E\) defined by 

<Pi Y l) = y{, gi ® <A + ■■ ■ + f mug . © oP m ., l<i<s,l<j<k, 
<p(Z 3 [ ) = z( gi © p( + ■ ■ ■ + 4 UBt 1 < * < *, 1 < j' < I, 

where a\ , f3( are disjoint monomials of E of the correct homogeneous degree (a 3 t of 
homogeneous degree and f3( of homogeneous degree 1), we get that <p(h°) = 0. 

By computing explicitly we obtain = f(h°) — (p'(h) © 7 where ^ 7 G E and cp' 
is an evaluation such that 

with 1 < p < rrii, 1 < q < rj, 1 < j < k, 1 < j' < /, 1 < i < s. Since h = h, we 
obtain that <^'(/i) = <p'(/i) = 0. 
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Now, recall that the elements yi gi , zi g ., j > 1, generate the relatively free G- 
graded algebra of V of countable rank. Hence ip'(h) = says that h = Y^i=i a ihi S 
Id G (V), and this contradiction completes the proof. □ 

Next we shall prove the existence of the G-exponcnt of A. Let B be a finite 
dimensional G x Z 2 -graded algebra such that var G (A) = va,r G (E(B)). By the 
Wedderburn-Malcev theorem [7] and the result in [3T] , we can write B = B^ © • • • © 
Bk + J, where B\ , . . . , Bk are G x Z 2 -graded simple algebras and J is the Jacobson 
radical of B. Recall that according to [9, Section 3], a semisimple subalgebra 
D = D\ ® ■ ■ ■ ® Dh, where D\, . . . , Dh G {Bi, ■ ■ ■ , Bk} are distinct, is admissible if 
DiJD 2 J ■ ■ ■ JD h ^ 0. Then one defines 

(6) p = p(B) = max (dimD) 

where D runs over all admissible subalgebras of B. 

We shall prove that p coincides with the G-exponent of A. In fact we have. 

Theorem 2.2. Let B be a finite dimensional G x ^-graded algebra over an al- 
gebraically closed field of characteristic zero. Then there exist constants C\ > 
0,C2,&i,fc2 such that 

Cm^p n < c^{E{B)) < C 2 n k2 p n , 
where p = p(B) is the integer defined in 0). 

Proof. This theorem is proved in |9J for G abelian but the proof carries over to the 
non abelian case by making the following changes. 

In the computation of the upper bound c^(E(B)) < C2n k2 p n one should use 
Lemma above instead of [51 Remark 1]. 

For the computation of the lower bound C\n kl p n < c^{E(B)) one should use 
Theorem 11.21 instead of [I] Lemma 18], concerning the construction of multialtcr- 
nating polynomials of arbitrary large degree for finite dimensional G-graded simple 
algebras. We should point out that while the polynomial constructed in [1, Lemma 
18] depends on a parameter t, the one constructed in Theorem 11.21 depends on s 
parameters t\ , . . . , t s (each corresponding to a homogeneous component of the al- 
gebra) and these parameters are squeezed between 2t and 2|G|i. Then one notices 
that in [9l Section 6] the proofs are carried over for each homogeneous component 
separately. This completes the proof of the theorem. □ 

Since graded codimensions do not change by extension of the base field, we get 
the following. 

Theorem 2.3. Let G be a finite group and A a G-graded Pi-algebra over any 
field F of characteristic zero. Then exp G (A) = linin-joo \J c G (A) exists and is an 
integer. 
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